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In this paper sufficient conditions for the oscillation of all solutions of the delay
difference equation x  x  p x  0, n 0, 1, 2, . . . , are established,n1 n n nk
where the coefficient p itself may be allowed to be oscillatory. We also give ann
example to demonstrate the advantage of our results.  2000 Academic Press
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1. INTRODUCTION
Recently the oscillation and stability of the delay difference equations of
the form
x  x  p x  0, n 0, 1, 2, . . . 1Ž .n1 n n nk
have been investigated by many authors when the coefficient p is nonneg-n
 ative. We refer to 1, 3, 6, 7, 11, 12 for the study of oscillation of solutions
 and to 2, 5, 9, 10 for results on stability. However, for the general case
Ž .when p is allowed to oscillate, it is difficult to study the oscillation of 1 ,n
Ž .since the difference  x  x  x of any nonoscillatory solution of 1n n1 n
Ž .is always oscillatory. Therefore, the results on oscillations of 1 when p isn
1 This work was supported by a grant of Excellent Youth Teachers of the National
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735
0022-247X00 $35.00
Copyright  2000 by Academic Press
All rights of reproduction in any form reserved.
NOTE736
 oscillatory are relatively scarce; see 8, 11 . An interesting open problem
 was also presented in 4 for the above case.
Ž .In this paper we give an interesting result on the oscillation of 1 by
using an effective kind of method to evade those n values p taking onn
negative values. Our results improve and extend some known results in the
literature.
 4 Ž .As it is customary, a solution x of 1 is said to be oscillatory if then
terms x of the sequence are not eventually positive or eventually nega-n
tive. Otherwise, the solution is called nonoscillatory.
Throughout this paper, we define
 4  4N a  a, a 1, a 2, . . . and N a, b  a, a 1, . . . , b ,Ž . Ž .
where a and b are integers with a b.
2. MAIN RESULTS
THEOREM 1. Assume that the following conditions hold:
Ž .  4  4i there exist two sequences a and b of nonnegatie integersj j1 j j1
such that b  a  2 and b  a 	 2k for j 1, 2, . . . , andj j1 j j

p 	 0 for n
 N a , b ; 2Ž .Ž .n j j
j1
Ž .ii let
Ž .1 k1 nkk 1
p p  1  , 3Ž .Ý Ýn iž /kn0 in1
where
p , n
 N a  k , b ,Ž .n j1 j j
p n ½ 0, n
N 0, a  k 1  N b  1, a  k 1 .Ž . Ž .1 j1 j j1
Ž .Then eery solution of Eq. 1 oscillates.
Proof. Suppose the contrary. Then we may assume, without loss of
 4 Ž . Ž .generality, that x is an eventually positive solution of 1 . Let j 
N 1n 0
such that
x  0 for n
N a . 4Ž . Ž .n2 k j0
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Ž .Let   1 x x for n
N a  k . Thenn n1 n j0
  1 for n
N a  k . 5Ž .Ž .n j0
Ž . Ž .From 1 and 4 , we have
n1
1
  p 1  for n
N a . 6Ž . Ž . Ž .Łn n i j0
ink
Ž .By employing the arithmetic mean-geometric mean inequality and 2 we
have
kn1 1
 	 p 1  	 0, n
 N a , b ,Ž .Ý n n i j jž /k ink jj0
which yields
knk nk n1 1
 p 	 p p 1  , n
 N a , b . 7Ž .Ž .Ý Ý Ý n i n i i j jž /kin1 in1 ink jj0
One can easily show that
k1 k 1
1Žk1.r 1 	 x k r  1 for r	 0 and x k .ž / ž /k k
Ž . Ž .  Ž .From this, 5 , and 7 , we obtain for n
 N a , bj j j j0
Ž .1 k1nk n1 nkk 1
 p 	 p   kp p  1 . 8Ž .Ý Ý Ýn i n i n iž /kin1 ink in1
 Ž . Ž .  ŽSince n
 N b  1, a  1 implies N n, n k  N bj j j j1 jj j0 0
. 1, a  k 1 , it follows thatj1
nk 
p  0 and p  0 for n
 N b  1, a  1 ,Ž .Ý n i j j1
in1 jj0
and so
Ž .1 k1nk n1 nkk 1
 p  p   kp p  1 ,Ý Ý Ýn i n i n iž /kin1 ink in1

n
 N b  1, a  1 . 9Ž .Ž . j j1
jj0
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Ž . Ž .Combining 8 and 9 , we obtain
Ž .1 k1nk n1 nkk 1
 p 	 p   kp p  1 ,Ý Ý Ýn i n i n iž /kin1 ink in1
n
N a . 10Ž . Ž .j0
Ž .Summing 10 from a  k to b , we havej j0
bj nk
 pÝ Ýn i
na k in1j0
Ž .1 k1b bj jn1 nkk 1
 p  	 k p p  1 ,Ý Ý Ý Ýn i n iž /kna k ink na k in1j j0 0
j
N j  1 . 11Ž . Ž .0
By interchanging the order of summation and noting that  	 0 forn
 Ž .n
 N a , b , we findj j j j0
b bkj jn1 nk
p    pÝ Ý Ý Ýn i n i
na k ink na k in1j j0 0
a k1 b1 bj j jnk0
  p   pÝ Ý Ý Ýn i n i
na ia k nbk1 in1j j j0 0
bkj nk
	  p .Ý Ýn i
na k in1j0
Ž .From this and 11 , it follows that
Ž .1 k1b bj jnk nkk 1
 p 	 k p p  1 ,Ý Ý Ý Ýn i n iž /knbk1 in1 na k in1j j0
j
N j  1 ,Ž .0
Ž .which, together with 5 , yields
Ž .1 k1b bj jnk nkk 1
p 	 k p p  1 ,Ý Ý Ý Ýi n iž /knbk1 in1 na k in1j j0
j
N j  1 . 12Ž . Ž .0
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Ž .In view of 3 , we have
bj nk
lim p  . 13Ž .Ý Ý i
j nbk1 in1j
On the other hand, by the definition of p , we haven

p 	 p for n
 N a , b .Ž .n n j j
jj0
Ž .It follows from 1 , that

x  x  p x  0, n
 N a , b 14Ž .Ž .n1 n n nk j j
jj0
 4 Ž . Ž .which implies that x is nonincreasing on N a , b  1 for j
N j .n j j 0
Now we will prove that
nk
p  1 for n
N a . 15Ž . Ž .Ý i j0
in1
 Ž . Ž .In fact, if n
 N a  k 1, b  k , then N n 1, n k j j j j0
 Ž . Ž . N a  k, b . Summing 14 from n 1 to n k, we getj j j j0
nk
x  x  p x  0,Ýnk1 n1 i ik
in1
which yields
nk nk
x  p x 	 x p ,Ý Ýn1 i ik n i
in1 in1
and so
nk
p  x x  1.Ý i n1 n
in1
 Ž .If n
 N b  k 1, b , then by the definition of p , we havej j j j n0
bjnk nk
p  p  p  1.Ý Ý Ýi i i
in1 ibk1 ibk1j j
 Ž .If n
 N a , a  k 1 , we havej j j j0
a 2 k1jnk nk
p  p  p  1.Ý Ý Ýi i i
in1 ia k ia kj j
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 Ž .If n
 N b  1, a  1 , thenj j j j10
a k1j1nk
p  p  0.Ý Ýi i
in1 ib1j
Ž .These show that 15 holds, and so
bj nk
p  k , j
N j  1 ,Ž .Ý Ý i 0
nbk1 in1j
Ž .which contradicts 13 , and so the proof is complete.
Clearly, the following condition
k1n1 k
lim inf p  16Ž .Ý i ž /k 1n ink
Ž .implies that 3 holds. This can be looked upon as a generalization of the
 result in 6 to the case when p is allowed to oscillate.n
In the case when p 	 0, by using a similar fashion we can prove then
following
THEOREM 2. Assume that p 	 0 for all sufficiently large n, and thatn
Ž .1 k1 nkk 1
p p  1  . 17Ž .Ý Ýn iž /kn0 in1
Ž .Then eery solution of Eq. 1 oscillates.
Ž .Remark. Condition 17 improves the next condition
k1n1 k
p 	 0 and lim inf p  18Ž .Ýn i ž /k 1n ink
 obtained in 6 .
3. AN EXAMPLE
Finally, let us examine an example to demonstrate the advantage of our
results.
EXAMPLE 1. Consider the difference equation
x  x  p x  0, n 0, 1, 2, . . . , 19Ž .n1 n n n3
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where p 1, p  p  p  0, p  p  12 n 12 n1 12 n2 12 n3 12 n4 12 n5
 p  0.245, n 0, 1, 2, . . . .12 n11
Observe that
n1 n
lim inf p 1 and lim sup p  0.98 1.Ý Ýi i
n nin3 in3
But if we let
a  12 j 1, b  12 j 11, j 0, 1, 2, . . . ,j j
 Ž .then p 	 0 for n
 N a , b andn j0 j j
0.245, n
 N 12 j 4, 12 j 11 ,Ž .j0
p n ½ 0, n
N 0, 3  N 12 j, 12 j 3 .Ž . Ž .j1
By a simple calculation, we have
1411 n34
p p  1Ý Ýn iž /3n0 in1
1410 n30.98
 p  1.96Ý Ý iž /3 n4 in1
0.98 4 4 4' ' ' 5 0.735  0.49  0.245  1.96ž /3
 0.0630 0.
Thus
14 n34
p p  1  .Ý Ýn iž /3n0 in1
Ž .By Theorem 1, every solution of Eq. 19 oscillates. This result cannot be
 proved by using the results in 8, 11 .
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